This paper gives a treatment of various aspects related to snake locomotion. A mathematical model and a physical implementation of a modular snake robot are presented. A control strategy is also developed, yielding a general expression for different gait patterns. Two forms of locomotion have been simulated with the mathematical model, and experiments with the physical snake robot have been conducted. The simulation results revealed the parameter through which directional control may be achieved for each gait pattern. Experiments with the physical snake robot gave a crude qualitative verification of these findings. *
Introduction
Snake locomotion is a complex and not very efficient form of propulsion. Nevertheless, it represents an intriguing and promising field of research. Snake locomotion is attractive due to its flexibility and the ability of a snake to handle both rough terrain and narrow passages. There are vast applications for both autonomous and remotely operated snake robots. These include exploration and inspection of hostile environments.
Numerous snake robot designs exist. On the other hand, extensive theoretical treatments of snake locomotion are limited. Mathematical models of snake locomotion that do exist today are mainly concerned with 2D motion. A theoretical and physical treatment of snake locomotion is found in Dowling (1997) ; Yamakita et al. (2003) ; Ohno and Hirose (2001) ; Saito et al. (2002) . This paper presents a mathematical 3D model for the kinematics and dynamics of a modular snake robot consisting of 5 segments. A control strategy for the snake robot is proposed and simulations that validate this control strategy are performed. A physical implementation of the snake robot, utilizing a novel principle of actuation, is also presented. Experiments with the physical robot are presented in order to validate the simulation results.
The paper is organized as follows. Section 2 presents the design of the snake robot. Section 3 presents the mathematical model of the snake. Section 4 describes the implemented robot. A control strategy is proposed in Section 5, and the simulation results are presented in Section 6.
2 Design of the snake robot
Mechanical design
The mathematical modelling and implementation of the snake robot, which is described in later sections, is based on the mechanical design presented in the follow-ing. The robot consists of five identical segments with 2 degrees of freedom (DOF) each. A segment is essentially an independent module consisting of a hollow cylinder and a plate, connected by a 2 DOF joint. This is shown in Figure 1a . The cylinder contains electronics for controlling the segment, while the plate serves as a connection interface to the neighboring segment. The axes of rotation of the 2 DOF in each segment are orthogonal to each other and intersect in the center point between the cylinder and the plate.
A mechanically assembled robot is shown in Figure 1b. Notice the added cylinder in the front of the snake in addition to the five segments. This cylinder represents the head or brain of the snake, and contains electronics dedicated to the high-level control of the movements. A segment of the snake consisting of a hollow cylinder and a plate, connected by a 2 DOF joint. (b) Mechanically assembled snake robot consisting of 5 segments and an extra cylinder in the front, representing the head or brain of the snake robot.
Principle of actuation
The joints of the robot are actuated by pressurized air. This represents a novel solution to the actuation problem since a majority of previous snake robots utilizes a principle of actuation based on serially mounted electric motors. The main reason for this choice is that pneumatic actuators allow for greater strength in each joint since small-scale electric motors are very limited as to the amount of torque they can produce. The principle of actuation is illustrated in Figure 2 . Each segment utilizes three flexible chambers mounted around the 2 DOF joint. Applying pressurized air to a chamber causes it to expand and move the joint. This assumes that one or two of the other chambers are being depressurized, allowing the movement to take place. The pressurization of each chamber is achieved by small solenoid valves located inside the cylinder in each segment. 3 Mathematical modelling
Kinematics
The snake robot is modelled based on the idea that this structure is essentially a robot manipulator. A key difference does exist, however. A conventional robot manipulator will be fixed at one end (base-point), enabling us to relate all positions and velocities of the manipulator to this point. A snake robot, on the other hand, is not fixed at any point. This actually adds 6 DOF to the snake, allowing it to translate along 3 axes in space and also rotate around each of these axes. The lack of a fixed base-point is handled by introducing a virtual structure for orientation and position (VSOP). This structure exists purely in theory, and is introduced to cope with the added 6 DOF. The VSOP represents the position and orientation of the snake in an earth-fixed base-frame since one end of the VSOP is earth-fixed and the other end is fixed to the tail of the snake. This is illustrated in Figure 3 . The VSOP consists of 3 prismatic joints representing the position of the tail, and 3 revolute joints representing the orientation of the snake in the base-frame. Note that these joints have no mass, have no moment of inertia, and never exert any forces or torques.
The Denavit-Hartenberg convention, described in Spong and Vidyasagar (1989) , is utilized in order to derive the kinematics of the whole snake structure (VSOP and snake robot). The variable for joint i, also referred to as the generalized coordinate of joint i, is denoted by q i . Joint i connects link i − 1 to link i. The coordinate systems at the bottom of Figure 3 are placed in accordance with the Denavit-Hartenberg convention.
The frames in Figure 3 can be related to each other through coordinate transformations. More precisely, the position and orientation of frame i with respect to frame i − 1 is described by the homogeneous transformation matrix A The earth-fixed VSOP in conjunction with the snake robot is shown at the top. The coordinate systems mounted on the bottom structure have been placed in accordance with the Denavit-Hartenberg convention.
Dynamics
The dynamic model of the snake robot concerns the relationship between torques and forces acting on the snake and the resulting motion of the snake.
Modelling of external forces
External forces play a vital role in snake locomotion. In order to move forward, a snake utilizes its entire body to create motion patterns that exert forces on the surroundings of the snake. The corresponding counter forces lead to propulsion in the desired direction. Ground friction is the most common source for generation of propulsion forces, but a snake may also curve around obstacles in its pathway in order to achieve greater counter forces. This last feature is particularly interesting. In contrast to conventional means of propulsion, where it is desirable to avoid obstructions in the pathway, a snake will rather try to exploit these obstructions. Only friction and normal forces induced by contact with the ground are considered in the following.
The contact forces between the robot and the ground are modeled as a mass-spring-damper system. This novel apprach to the modelling of external forces is illustrated in Figure 4 . All external forces exerted on a link are applied to the center of gravity (CG) of this link. The spring coefficient of the ground, k, must be set to a rather high value in order to mimic the hardness of the ground surface. The damping coefficient, d, serves to damp out oscillating movements induced by the springs. Denote the position of link i in the base-frame by p CGi and the velocity by v CGi . Then, by extracting the z-components of these two vectors, the normal force on link i in the base-frame may be written
(1) As pointed out in Saito et al. (2002) , biological snakes have a key property related to the ground friction. In particular, the friction in the normal (transversal) direction with respect to the snake body tends to be much larger than the friction in the tangential (longitudinal) direction. This property favors propulsion in the forward direction of the snake and reduces side slipping. In order to include this property in the modelling of the friction forces, the total friction force is divided into a normal and a tangential part with respect to the snake body. The friction is computed by combining viscous and coulomb friction. Denote the friction coefficient in the tangential and normal direction by R t and R n respectively, and the velocity of link i in these two directions by v t,CGi and v n,CGi . The friction force on link i in the tangential and normal direction, respectively, may then be written as
where e t and e n are unit vectors pointing in the tangential and normal direction with respect to the snake body. All vectors are assumed to be described in the body-frame. The resulting vector of external forces (except for gravity) may now be written as
Dynamic model
Using the VSOP perspective and the Newton-Euler formulation described in Spong and Vidyasagar (1989) , it can be shown that the dynamic model of the robot can be written in the form
where q and τ are the generalized coordinates and forces for the joints of the snake structure (VSOP and snake robot), M (q) is the inertia matrix, C (q,q) is the Coriolis and centripetal matrix, g (q) is the vector of gravitational forces and torques, and τ ext is the vector of joint forces or torques induced by the external forces on the robot. These vectors and matrices are not detailed here due to their extensive form.
Simulation setup
The mathematical model of the robot have been implemented in Matlab and Simulink in order to simulate different control strategies and gait patterns. The control strategy for the robot is described in Section 5. A graphical 3D model of the snake and its surroundings has also been developed. By using the Virtual Reality (VR) toolbox in Matlab, 3D animations of the simulation results are constructed, which facilitate the analysis of these results.
Implementation of the snake robot
A snake robot consisting of 5 segments have been implemented in accordance with the design described in Section 2. A mechanically assembled segment without the actuator chambers is shown in 5. A PVC fabric is wrapped around the snake body in order to cover up the force sensors mounted along the body. These sensors are so-called force sensing resistors (FSR), allowing the snake to respond to external forces.
Control strategy

Motion planning
This section proposes a motion planning algorithm that extends the 2 DOF results presented in Saito et al. (2002) into 3 DOF. Two forms of snake locomotion are considered in conjunction with the motion planning for the snake. These are lateral undulation and sidewinding, and are described in more detail in Dowling (1997) . Lateral undulation is the most common form of snake locomotion and is achieved by propagating a continuous series of waves through the snake body. These waves generate friction forces that enable the snake to push itself forward. Sidewinding is more of a sideways rolling kind of motion and consists of alternating waves of lateral bending.
The following proposes a partitioning of the snake movements into a horizontal and a vertical part. For the 2 DOF joint in segment i, denote the setpoint for the angle about the vertical and horizontal axis of rotation by i q 1,ref and i q 2,ref , respectively. A general expression for characterizing the different forms of snake locomotion may now be written as
(6) where i ∈ {1, 2, 3, 4, 5} and segment 1 is the foremost segment. Only the first of these equations are considered in Saito et al. (2002) . The first equation relates to the generation of the horizontal wave, and is characterized by the amplitude of the wave A hor , the angular frequency ω hor , a phase offset δ hor , and an angular offset ψ hor . The second equation characterizes the vertical wave in a similar manner, but has an additional parameter δ 0 that represents the phase difference between the horizontal and the vertical wave. Different gait patterns are achieved by setting each of these parameters in a particular way.
A conjecture is now given, stating that lateral undulation is achieved by setting
while sidewinding is achieved by setting
This conjecture is verified through the simulations described in Section 6. Note how the parameter affecting the direction of the locomotion is dependent on the form of locomotion being utilized. When lateral undulation is utilized, directional control may be achieved through the parameter ψ hor , while δ 0 has the greatest influence on the direction during sidewinding.
Motion control
The control strategy developed for the robot is based on abstraction. At the highest level, a motor intention arises. This intention propagates down through the control hierarchy and results in the joints being actuated in a manner that seeks to fulfil this intention. The control hierarchy developed for the brain of the snake is illustrated in Figure 7 .
An intention arises in the cognition layer and propagates down to the motor control layer. This layer decides the gait pattern that is to be utilized and assigns values to the parameters characterizing the desired motion. These parameters are received by the CPG layer (central pattern generator ), which generates motivation-based reference set points that are sent to all the segments.
The control scheme taking place locally in each segment is depicted in Figure 8 . Motivation-based reference set points from the brain are received and affect the control of the two joint angles. The angular control may also be affected by reflex-based reference set points induced by contact forces on each segment. Inclusion of reflex-based reference set points enables the robot to curve around external objects in order to achieve greater propulsion forces. The angular control scheme in the outer feedback loop generates joint torque set points to the pressure control scheme in the inner feedback loop. This scheme controls the pressure in the 3 actuator chambers in accordance with the torque set points, and represents the lowest layer in the control hierarchy.
Results and discussion
In this section locomotion by lateral undulation and sidewinding is investigated through simulations of the mathematical model and through experiments with the physical robot. The purpose of this investigation is to validate that (6) produces the two forms of locomotion, and to show how different parameters impact on the direction of the locomotion depending on the gait pattern utilized. 6.1 Simulation results
Lateral undulation
This gait pattern is simulated with the parameters given in (7) and with a duration of 65 s. The coefficients for the tangential and normal friction were set to
respectively, thereby simulating a greater friction in the normal direction. In order to validate that directional control may be achieved through variation of the angular offset for the horizontal wave, ψ hor , this parameter is set to vary with time according to (10).
The resulting tail position of the robot in the baseframe is plotted in Figure 9 . Screenshots from the 3D visualization of the simulation result are shown in Figure 10 . The head of the snake is given a gray color.
The snake moves straight forward along the positive x b -axis during the first 15 seconds. Subsequently, the angular offset ψ hor is set to 20
• . This triggers a counterclockwise motion. Propulsion straight forward in a new direction continues when ψ hor is set back to 0 • after 25 s. Clockwise motion is produced after 40 s as ψ hor is set to -20
• , thereby changing the direction of the locomotion once again.
The simulation result shows that lateral undulation is achieved when the motion of the snake is characterized by (6) and (7). Figure 10: 3D visualization of the simulated gait pattern, lateral undulation. 0 < t < 15: Locomotion straightforward, 15 < t < 25: Counterclockwise motion, 25 < t < 40: Locomotion straightforward, 40 < t < 50: Clockwise motion, 50 < t < 65: Locomotion straightforward.
Sidewinding
This gait pattern is simulated with the parameters given in (8) and with a duration of 60 s. The coefficients for the tangential and normal friction were set as in (9). In order to validate that directional control may be achieved through variation of the phase difference between the horizontal and the vertical wave, δ 0 , this parameter is set to vary with time according to (11). 0 ≤ t < 10 ⇒ δ 0 = 90
The position of the robot in the base-frame is plotted in Figure 11 . Screenshots from the 3D visualization of the simulation result are shown in Figure 12 . The phase difference δ 0 is set to 90
• the first 10 s, during which the snake moves to the left with respect to the direction the head is pointing. After 10 s, δ 0 is set to 0
• . This produces a counterclockwise rotational motion. Locomotion to the right with respect to the direction the head is pointing is triggered after 25 s, as δ 0 is set to -90
• . After 35 s, δ 0 is set to 180
• , producing clockwise rotational motion. Finally, δ 0 is set back to -90
• , resulting in additional sideways locomotion.
Figure 11: XY-plot of the tail position of the snake in the base-frame for the simulated gait pattern, sidewinding.
Figure 12: 3D visualization of the simulated gait pattern, sidewinding. 0 < t < 10: Locomotion to the left, 10 < t < 25: Counterclockwise rotational motion, 25 < t < 35: Locomotion to the right, 35 < t < 50: Clockwise rotational motion, 50 < t < 60: Locomotion to the right.
The simulation result shows that sidewinding is achieved when the motion of the snake is characterized by (6) and (8). It further shows that sideways locomotion to the left and right with respect to the direction the head is pointing is achieved by setting the phase difference to δ 0 = 90
• and δ 0 = −90 • , respectively. Counterclockwise and clockwise rotational motion is achieved by setting the phase difference to δ 0 = 0
• and δ 0 = 180 • , respectively.
Experimental results
Experiments have been conducted with the physical robot in order to produce qualitative results that can be related to the simulation results.
Lateral undulation
The physical robot is unable to produce propulsion by lateral undulation. This is partly due to the limited achievable angular velocity in each joint because of the narrow opening of the actuator valves. Another factor is the fact that the snake lack the desirable frictional properties described in Section 3.
Sidewinding
Propulsion by sidewinding is not as dependent on angular speed and frictional properties. Hence, the robot is able to achieve propulsion by this gait pattern. Pictures of the snake at different time instants are shown in Figure 13 . The top row shows a run of 50 s, during which the phase difference between the horizontal and vertical wave is set to δ 0 = −90
• . This yields a sideways motion to the right with respect to the direction the head is pointing. When the phase difference is set to δ 0 = 90
• , as shown at the bottom row, locomotion in the opposite direction is observed. This is in agreement with the simulation results. 
Concluding remarks
This paper has described a mathematical 3D model for the kinematics and dynamics of a modular snake robot. A novel implementation of a snake robot actuated by pressurized air has also been presented. A control strategy was proposed for the robot based on the hypothesis that different gait patterns may be described by the same set of equations. Two gait pat-terns were investigated and the parameters that govern the direction of the propulsion were identified. The hypothesis was validated through simulations of the mathematical model. Observations of the locomotion of the physical robot gave a crude qualitative validation of these results, and confirmed that friction is an important parameter in snake robot locomotion.
